Experimental Observation of Four-Photon Entangled Dicke State with High Fidelity 
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We present the experimental observation of the symmetric four-photon entangled Dicke state with 
two excitations \D^^^). A simple experimental set-up allowed quantum state tomography yielding 
a fidelity as high as 0.844 ± 0.008. We study the entanglement persistency of the state using novel 
witness operators and focus on the demonstration of a remarkable property: depending on the 
orientation of a measurement on one photon, the remaining three photons are projected into both 
inequivalent classes of genuine tripartite entanglement, the GHZ and W class. Furthermore, we 
discuss possible applications of \D\ ) in quantum communication. 

PACS numbers: 03.67.Mn, 03.67.Hk, 42.65.Lm 



Entanglement in bipartite quantum systems is well un- 
derstood and can be easily quantified. In contrast, mul- 
tipartite quantum systems offer a much richer structure 
and various types of entanglement. Thus, crucial ques- 
tions are how strongly and, in particular, in which way a 
quantum state is entangled. Therefore, different classifi- 
cations of multipartite entanglement have been developed 
P, 0, Q . Further, quantum states with promissing prop- 
erties and applications have been identified and studied 
experimentally 0, H H H [s, 9]. The efforts in this di- 
rection lead to a deeper understanding of multipartite 
entanglement and its applications. 

In this work, we present a detailed experimental and 
theoretical examination of a novel four-photon entan- 
gled state: \D\') - the four-qubit Dicke state with 
two excitations that is symmetric under all permutations 
of qubits. Generally, a symmetric A^-qubit Dicke state 
[lOillllllll with M excitations is the equally weighted su- 
perposition of all permutations of A^-qubit product states 
with M logical I's and [N — M) logical O's, here denoted 
by I d'^^'^ ) . Well known examples are the A^-qubit W 
states |M^Ar) (in the present notation \d'^^^)) Q. The 
state I D\ ' ) , just like | Wn ) , is highly persistent against 
photon loss and projective mesurements. In particular 
we show that, in spite of the impossibility to transform a 
three photon GHZ type into a W state by local manipu- 
lation 01, both can be obtained via a projective measure- 
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ment of the same photon in the state | D\ ' ) . We study 
these properties in a simple experimental scheme which 
allowed the observation of the state with about 60 four- 
fold coincidences per minute. For characterization we use 
quantum state tomography and apply novel witness op- 
erators. Finally we shortly discuss possible applications 
of the state. 




The state I D 



has the form: 



\D 



(2) 
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{\HHVV) + \HVHV) + \VHHV) + 
\HVVH) + \VHVH) + \VVHH)) (1) 



FIG. 1: Experimental setup for the analysis of the four-photon 
polarization-entangled state | D^^ ) . It is observed after the 
symmetric distribution of four photons onto the spatial modes 
a,b,c and d via non-polarizing beam splitters (BS). The pho- 
tons are obtained from type-II collinear spontaneous para- 
metric down conversion (SPDC) in a 2 mm /3-Barium Borate 
(BBO) crystal pumped by 600 mW UV-pulses. The phases 
between the four output modes are set via pairs of birefringent 
Ytrium-Vanadat-crystals (YVO4). Half and quarter wave 
plates (HWP, QWP) together with polarizing beam splitters 
(PBS) are used for the polarization analysis. 



with, e.g., \VVHH) = \V)^ ® \V), \H)^ ® 
where | H ) and | V ) denote linear horizontal (H) and ver- 
tical (V) polarization of a photon in the spatial modes 
{a,b,c,d) (Fig. Evidently, this is a superposition 

of the six possibilities to distribute two horizontally and 
two vertically polarized photons into four modes. Ac- 
cordingly, we create four indistinguishable photons with 
appropriate polarizations in one spatial mode and dis- 
tribute them with polarization independent beam split- 
ters (BS) (Fig.^ 13] . If one photon is detected in each 
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of the four output modes we observe the state | D\ ' ) . 

As source of the four photons we use the second or- 
der emission of collinear type II spontaneous parametric 
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a) 



c) 



FIG. 2: (a) Real part of the density matrix pat derived from 
the observed data, (b) density plot of the ideal state p„(2) 

and, for comparison, (c) the difference between the matrices. 
Noise on the real and imaginary part is comparable. 



down conversion (SPDC). UV pulses with a central wave- 
length of 390 nm and an average power of about 600 mW 
from a frequency-doubled mode-locked Ti:sapphire laser 
(pulse length «130 fs) are used to pump a 2 mm thick 
BBO (/3-Barium Borate, type-II) crystal. This results 
in two horizontally and two vertically polarized photons 
with the same wavelength. Dichroic UV-mirrors serve to 
separate the UV-pump beam from the down conversion 
emission. A half-wave plate together with a 1 mm thick 
BBO crystal compensates walk-off effects (not shown in 
Fig. Pl. Coupling the four photons into a single mode 
fiber exactly defines the spatial mode. The spectral se- 
lection is achieved with a narrow bandwidth interference 
filter (AA = 3 nm) at the output of the fiber. Bire- 
fringence in the non-polarizing beam splitter cubes (BS) 
is compensated with pairs of perpendicularly oriented 
200 /im thick birefringent YVO4 crystals in each of the 
four modes. Altogether, the setup is stable over several 
days and mainly limited by disalignment effects in the 
pump laser system affecting rather the count rate than 
the quality of the state. 

Polarization analysis is performed in all of the four 
outputs. For each mode we choose the analysis direction 
with half (HWP) and quarter waveplates (QWP) and de- 
tect the photons with the corresponding orthogonal po- 
larizations in the outputs of polarizing beam splitters us- 
ing single photon detectors (Si-APD). The detected sig- 
nals are fed into a multi-channel coincidence unit which 
allows to simultaneously register any possible coincidence 
between the inputs. The rates for each of the 16 char- 
acteristic four-fold coincidences have to be corrected for 
the different detection efficiencies in the output modes. 
The errors on all quantities are deduced from propagated 
Poissonian counting statistics of the raw detection events 
and the independently measured detection efficiencies. 

To analyze the observed state we first determine its 
density matrix. For this purpose we measure the covTela- 



tions Tr[pcxp(o'i®o'j'g)(Tfc(g)(Ti)] withi,j,k,l e {0,x,y,z}, 
where Ci are the Pauli spin operators. These 256 values 
can be derived from the 81 settings of all combinations for 
analyzing each qubit in one of the three bases: (H/V), 
(±45°) and (L/R), where |±45°) = 1/V2{\H) ±\V)) 
and = l/^/2{\H) ±i\V)). The measurement was 

running 35 hours with a count rate of about 60 four- 
fold coincidences per minute. The obtained data com- 
pletely characterizes the observed state (pcxp) up to the 
mentioned, mainly statistical, errors. We use a maxi- 
mum likelihood approach to estimate a correspond- 
ing physical density matrix pm. The real part of pm is 
depicted in Fig. The characteristic structure of the 
ideal state p^{2) [Fig. [33] is clearly visible. For compar- 

ison Fig. [2p shows the differences between the matrices. 
The noise is about the same in the imaginary part and is 
mainly caused by higher order emissions and imperfect 
compensation of the birefringence of fiber and beam split- 
ters. The major difference is in the off diagonal elements: 
due to the finite spectral bandwidth the coherence gets 
reduced. This can be improved with narrower filters but 
at the expense of lower count rates. 

To test whether we indeed observe genuine four-partite 
entanglement we use the generic form of the witness op- 
erator Wg |3| . The corresponding expectation value de- 
pends directly on the observed fidelity: Tr(yV'gPcxp) = 
I - F^^p = -0.177 ± 0.008 1^ and is positive for aU 
biseparable states. In principle, 21 measurement settings, 
instead of the experimentally expensive complete tomog- 
raphy, are sufficient to determine this value. 

For I D\^> ) one can, however, construct an entangle- 
ment witness that is much more efficient. Utilizing the 
high symmetry of this state, genuine four-partite entan- 
glement can be detected with only two settings via a 
measurement of the collective spin squared in x- and y- 
direction ((Jj) and (J?,))- For biseparable states it can 
be proved that [13, ^ 



m) = (J!) + (Jy) < 7/2 + V3 « 5.23, 



(2) 



where J^/y = l/^J^k'^x/y "^^^^ ^S-^ = l^l^fTj;®!. 
This can be interpreted also by rewriting ( Jj) -I- {Jy) — 
(J^) — (J^) where J = {Jx, Jy, Jz)- As for symmet- 
ric states (J'^) = N/2{N/2 + 1) our criterion requires 
(Jz) ^ 5/2 — -\/3, i.e. the collective spin squared of bisep- 
arable symmetric states in any direction cannot be arbi- 
trarily small 0. For the state 1 1)4^^ ), however, [J^) — Q 
and thus the expectation value of the witness operator in 
Eq. 121 reaches the maximum of 6. Via measurement of 
all photons in (±45)- and (L/i?)-basis respectively we 
find experimentally the value Tr[yV|pexp] = 5.58 ± 0.02 
clearly exceeding the required bound. Multipartite en- 
tanglement was, thus, detected by studying only a cer- 
tain property of the state and can, in principle, even be 
detected without individual adressing of qubits. 

Let us start the investigation of the properties that 
make | D\ ) special in comparison with the great variety 



3 




FIG. 3: Real parts of density matrices for (a) W state after projection of photon d onto |V^), (b) G state after projection of 
photon d onto | — ) , (c) residual state after loss of photon d. The imaginary parts consist of noise only, comparable to the noise 
in the real part. 



of other four-qubit entangled states studied so far. The 
various states show great differences in the residual three- 
qubit state dependent on the measurement basis and/or 
result: | GHZ4 ) Q can either still render tripartite GHZ 
like entanglement or become separable, | W4 ) as well, but 
the tripartite entanglement will always be W type. En- 
tanglement in the cluster state | C4 ) Q cannot be easily 
destroyed and at least bipartite entanglement remains. 
However, | Z?4^'' ) and also | ) yield genuinely tri- 
partite entangled states independent of the measurment 
result and basis. 

Let us compare the projection of the qubit in mode d 

(2) 

onto either | ) or | — ) for the state | D\ ) : 

d{V\D^'^) = ^{\HHV) + \HVH) + \VHH)), 

= ^{\HHV) + \HVH) + \VHH) 
-\HVV) ~\VHV) -\VVH)). (3) 

The first is the state | ) H an d the second one is a 
so-called G state (IGs) Ref. ^^)- Experimentally we 
observe these states with fidelities Fws — 0.882 ± 0.015 
and Fq^ = 0.897 ± 0.019 . Comparable values are ob- 
served for measurements of photons in other modes. The 
real part of the density matrices of the experimental re- 
sults are depicted in Fig. O Density matrix (a) shows the 
measurement result for the state | W3 ) . In (b) the ob- 
served G state is shown containing the entries for | W3 ) , 
its spin-flipped counterpart | ) and, with the negative 
sign, the coherence terms between the two. Noise in the 
imaginary part is comparable to the one in the real part. 

The criterion ||2Jl adopted to the three-qubit case, can 
now be used to detect the tripartite entanglement around 
IW3) and IGg) with the bound (>V|) = (Jj) + (J^) < 
2 -I- « 3.12. Our measurement results for | IV3 ) and 
IG3) are Tr[WI,PG:,] = 3.34 ± 0.03 and Tr[WI,pws\ = 
3.33±0.03 respectively, which proves both states contain 
genuine tripartite entanglement. 



What kind of tripartite entanglement do we observe? 
Fascinatingly, this depends on the measurement basis. 
While the W state represents the W class, the state | G3 ) 
belongs to the GHZ class. This is extraordinary: GHZ 
and W class states can not be transformed into one an- 
other via SLOCC l] and not even by entanglement catal- 
ysis |23|. \D^P), however, can be projected into both 
classes by a local operation, i.e., via a simple von Neu- 
mann measurement of one qubit. This also implies that 
there is no obvious way how to prepare I DX' ) out of 
either of those three-qubit states via a 2-qubit interac- 
tion with an additional photon, as this would directly 
give a recipe to transform one class of three-qubit entan- 
glement into the other. As the experimentally prepared 
states are not perfect we also have to test whether the 
observed state | G3 ) is GHZ class. To do so we construct 
an entanglement witness from the generic one for pure 
GHZ states, Wghz^ = fl - | Gff Z3 ) ( Gil Z3 | , by ap- 
plying local filtering operations F = A ^ B ^ C. The 
resulting witness operator is then W" = F^WghZsF 
23]. Here A,B and C are 2x2 complex matrices 
determined through numerical optimization to find an 
optimal witness for the detected state. Note, that W 
still detects GHZ type entanglement as F is an SLOCC 
operation. In the measurement GHZ type entangle- 
ment is indeed detected with an expectation value of 
TripGW) = -0.029 ± 0.023 proving that the observed 
state is not W class. 

(2) 

Entanglement in | D\ ) is not only persistent against 
projective measurements but also against loss of photons. 
The state pabc after tracing out qubit d is an equally 
weighted mixture of | W3 ) and | W3 ) , which is also tripar- 
tite entangled Fig. |3fc) . Applying witness W| we obtain 
rr[>V|/Oabc] — 3.30 ± 0.01, proving clearly the genuine 
tripartite entanglement. The fidelity with respect to the 
expected state is Fabc = 0.924 ±0.006, similar values are 
reached for the loss of the photons in modes a, b and c. 
We observe the contributions of | IV3 ) and | W3 ) , but con- 
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trary to the state | Ga ) [Fig. |3fb)] there is no coherence 
between the two. 

As we have seen, the loss of one photon results in a 
three-qubit entangled W class state. Thus, the persis- 
tency against the loss of a second photon should also be 
high |23| . It is known that the state | W4 ) is the sym- 
metric state with the highest persistency against loss of 
two photons with respect to entanglement measures like 

the concurrence In contrast, it turns out that for 

(2) 

I -D4 ) the remaining two photons have the highest possi- 
ble maximal singlet fraction 24] (MSF^(2) — 2/3, exper- 
imentally MSFoxp = 0.624 ±0.005). This means that the 
residual state is as close to a Bell state as possible. It was 
already pointed out in Refs. [20I |23 | that this is a hint 
for the applicability of a state in telecloning [S^. Four 

parties that share the state | ) can use the quantum 
correlations in each pair of qubits as a quantum chan- 
nel for a teleportation protocol. Thus, each party can 

distribute an input qubit to the other parties with a cer- 

(2) 

tain fidelity, which depends on the MSF. Using | D]^ ) as 
quantum resource this so-called 1 — > 3 telecloning works 
with the optimal fidelity allowed by the no-cloning theo- 
rem. Averaged over arbitrary input states the fidelity is 
pckmo _ 0.788 and the optimal so-called covariant cloning 
fidelity is Ff^^ = 0.833 for all input states on the equa- 
torial plane of the Bloch sphere. 

What if the receiving parties decide that one of them 
should get a perfect version of the input state? Prob- 
abilistically this is still possible, if the other two par- 
ties abandon their part of the information by a measure- 
ment of their qubit in the same direction, say (H/V). 
In case they find orthogonal measurement outcomes the 
sender and the only remaining receiver share a Bell state 

.dHV\D['^) = ^{\HV) + \VH)) = ^|V+>.,. This 
enables perfect teleportation in 2/3 of the cases and 
therefore, as each party could be the receiver, an open 
destination teleportation (ODT) . The experimentally 

obtained fidelity in this case was F^^y^ = 0.883 ±0.028. 



For other measurement directions different Bell states 
can be obtained. For example for projections onto the 

(±45)- and (L/R)-basis we found Ff^_^ = 0.721 ±0.043 

and F^^i^ = 0.712 ±0.042. Note that, in contrast to the 

deterministic GHZ based ODT protocol, | D4 ) allows 
to choose between telecloning and ODT. 

Finally, as another possible application, we also note 

(2) 

that I Dl ) is one of the two symmetric Dicke states 
which can be used in certain quantum versions of classi- 
cal games "2^. In these models it might offer new game 
strategies compared to the commonly used GHZ state. 

In conclusion we have presented the experimental ob- 

(2) 

servation and analysis of a quantum state | D\ ) , ob- 
tained with a fidelity of 0.844 ± 0.008 and a count rate 
as high as 60 counts/minute. The setup and methods 
used are generic for observation of symmetric Dicke states 
with higher photon numbers. An analysis of the state af- 
ter projection of one qubit in different bases showed that 
the two inequivalent classes of genuine tripartite entan- 
glement can be obtained. An optimized entanglement 
witness served to verify this experimentally. We also 

show that the possibility to project two photons into a 

(2) 

Bell state makes | ) a resource for an ODT protocol. 
Further, the state has a high entanglement persistency 
against loss of two photons. In this case, the singlet frac- 
tion of the remaining photons is maximal and from this 
we infered applicability of the state for quantum tele- 
cloning. We are confident that due to the extraordinary 
properties of the state more applications are likely. 
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